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Abstract
In this short note, we show that a group acting geometrically on a CAT(0) cube
complex with virtually abelian hyperplane-stabilisers must decompose virtually as a free
product of free abelian groups and surface groups.
1 Introduction
CAT(0) cube complexes first appeared in the monograph [Gro87] as a convenience source
of CAT(0) and CAT(-1) spaces, leading to the construction of nonpositively curved
spaces on which classical families of groups act (e.g. [CD95, Mei96]) but also to the
construction of exotic groups [Wis96, BM97]. However, the strength of CAT(0) cube
complexes really arose after the recognition of the fundamental role played by hyper-
planes. This role is twofold. Firstly, it turns out that the geometry of CAT(0) cube
complexes essentially reduces to the combinatorics of their hyperplanes [Sag95], a point
of view which provides powerful tools to attack various questions including Hilbertian
geometry [NR97, NR98b, CN05a], finiteness properties [BB97], biautomaticity [NR98a],
Tits’ alternative [SW05, CS11], separability properties [HW08], the flat closing conjec-
ture [SW11, NTY14, CH09, Gen17], the rank one rigidity conjecture [CS11]. Secondly,
CAT(0) cube complexes can be reconstructed from their hyperplanes, leading to easy
constructions of CAT(0) cube complexes from cubulations of pocsets and spaces with
walls [Sag95, Rol98, HP98, CN05b, Nic04]. Such constructions allow us to prove that
many groups naturally act on CAT(0) cube complexes, including many Artin groups
[CD95, GP12, CMW19], graph braid groups [Abr00], Coxeter groups [NR03], small
cancellation groups [Wis04, AO15, MS17], Thompson’s groups [Far03, Far05], random
groups [OW11, Odr18], many 3-manifold groups [BW12, PW14, HP15, PW18, Tid18],
one-relator groups with torsion [LW13], many free-by-cyclic groups [HW15, HW16],
some Burnside groups [Osa18], Cremona groups [LU20]. As a consequence, looking for
an action on a CAT(0) cube complex is a useful geometric strategy in order to study
a given group, but it also has applications in other areas of mathematics, most fa-
mously in low-dimensional topology [Ago13]. More recently, coarse geometries inspired
by CAT(0) cube complexes and their connections with mapping class groups of closed
surfaces received a lot of attention (see [Bow13, BHS17, BHS19] and their subsequent
developments).
In this short note, we investigate the following natural question: what can be said
about a group acting geometrically on a CAT(0) cube complex from the structure of its
hyperplane-stabilisers? Notice that, if the cube complexes under consideration are two-
dimensional, then hyperplane-stabilisers must be virtually free. Such examples include
groups with quite different behaviors, for instance some right-angled Artin or Coxeter
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groups, some hyperbolic small cancellation groups and some simple groups. Therefore,
it seems more reasonable to consider the case where hyperplane-stabilisers are small (i.e.
they do not contain non-abelian free subgroups), or equivalently, as a consequence of the
Tits alternative proved in [SW05], where hyperplane-stabilisers are virtually abelian.
This question first appears in [Wis11, Conjecture 14.11], where the author conjectures
that, if X is a nonpositively curved cube complex of finite dimension all of whose hyper-
planes have virtually abelian fundamental groups, then pi1(X) must be virtually abelian
or (virtually abelian)-by-(non-elementary quasifuchsian). Our main theorem answers
Wise’s question under the stronger assumption that the action is cocompact but allow-
ing torsion in the group.
Theorem 1.1. Let G be a group acting geometrically on a CAT(0) cube complex. If
hyperplane-stabilisers are all virtually abelian, then G virtually decomposes as a free
product of free abelian groups and surface groups.
Here, surface groups refer to fundamental groups of orientable surfaces (possibly with
boundary), so they correspond to free groups and fundamental groups of closed surfaces.
Theorem 1.1 is proved as follows. Given a group G acting geometrically on a CAT(0)
cube complex X with virtually abelian hyperplane-stabilisers, the starting point is to
simplify the cubulation following [HT19]. As a consequence, we can suppose that the
hyperplanes in X decompose as products of unbounded quasi-lines. The number of such
factors is referred to as the rank of the hyperplane. An elementary observation is that
two transverse hyperplanes must have the same rank. As a consequence, if we assume
that G is one-ended, all the hyperplanes in X have the same rank r ≥ 0.
• If r = 0, then X is a tree and G is virtually free.
• If r ≥ 2, then we show that any two non-transverse hyperplanes are transverse
to a common hyperplane. It follows from the rank one rigidity [CS11] that X
decomposes as a product X1 × · · · × Xn, n ≥ 2. Since X contains hyperplanes
isomorphic to X1 × · · · ×Xn−1 and X2 × · · · ×Xn, it follows that X1, . . . ,Xn are
quasi-lines and that n = r + 1. The conclusion is that G contains a finite-index
subgroup isomorphic to Zr+1.
• Finally, if r = 1, we distinguish two cases. Either X is hyperbolic, and we show
that X is quasi-isometric to the hyperbolic plane and that G is virtually a surface
group. Or X is not hyperbolic, and we show that X is quasi-isometric to a the
Euclidean plane and that G contains a finite-index subgroup isomorphic to Z2.
The conclusion in the latter case is not surprising if we assume that the hyperplanes
are not only quasi-lines but geodesic lines. Then it is easy to verify that, in the link of
a vertex, no vertex can have degree ≥ 3 (otherwise we find a hyperplane containing a
branching point) and that each vertex has degree ≥ 2 (otherwise we find a hyperplane
with a leaf). In other words, the link of each vertex must be a cycle, which implies that
X is a square tessellation of the plane. Then two cases happen: either X is isomorphic
to R2 (endowed with its canonical cubulation) or X contains a vertex of degree ≥ 5 and
it is quasi-isometric to the hyperbolic plane. In full generality, when the hyperplanes
of X are only quasi-lines, it follows from the fact that X is one-ended that R2 or H2
quasi-isometrically embed into X, and we show that the image of such an embedding is
necessarily quasi-dense.
Acknowledgements. This work was supported by a public grant as part of the Fon-
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2 Proof of the theorem
We assume that the reader is familiar with CAT(0) cube complexes. We refer to
[Wis12, Sag14] for more information. We emphasize that, in the following, hyperplanes
are thought of as CAT(0) cube complexes on their own and sometimes as subcomplexes.
Formally, this can be justified by noticing that a hyperplane becomes a convex subcom-
plex in the barycentric subdivision of the cube complex under consideration.
Before turning to the proof of Theorem 1.1, we record the following observation:
Lemma 2.1. Let X be a CAT(0) cube complex. There exist convex subcomplexes {Xi |
i ∈ I} such that:
• for all distinct i, j ∈ I, Xi ∩Xj is either empty or a cut vertex;
• for every i ∈ I, the crossing graph of Xi is connected and the hyperplanes crossing
Xi span a connected component of the crossing graph of X.
Recall that the crossing graph of a CAT(0) cube complex is the graph whose vertices
are the hyperplanes of the cube complex under consideration and whose edges link two
hyperplanes whenever they are transverse.
Proof of Lemma 2.1. Let {xj | j ∈ J} denote the collection of all the cut vertices of X
and let {Xi | i ∈ I} denote the closures of the connected components of X\{xj | j ∈ J}.
Then, for all distinct i, j ∈ I, Xi∩Xj is either empty or a cut vertex; and, for every i ∈ I,
Xi is not disconnected by one of its vertices. The latter assertion implies, according to
[Nib02, Lemma 2], that the crossing graph of Xi is connected. So the hyperplanes
crossing Xi lie in a single connected component of the crossing graph of X. Conversely,
it is clear that two hyperplanes separated by a cut vertex lie in distinct connected
components of the crossing graph of X. We conclude that the hyperplanes crossing Xi
span a connected component of the crossing graph of X.
Proof of Theorem 1.1. Assume that G acts geometrically on a CAT(0) cube complex
X such that each hyperplane has a virtually abelian stabiliser. According to [CS11,
Proposition 3.5] and [HT19, Theorem A], we can suppose without loss of generality
that the action is essential (i.e. the orbit of a point never stays in a neighborhood of a
halfspace) and hyperplane-essential (i.e. the action on a hyperplane by its stabiliser is
always essential).
Claim 2.2. Each hyperplane is a product of unbounded quasi-lines.
For every hyperplane J , stab(J) acts geometrically on J . Because stab(J) is virtually
abelian, it follows from the cubical flat torus theorem proved in [WW17, Theorem 3.6]
that J contains a convex subcomplex which decomposes as a product of quasi-lines and
on which stab(J) acts cocompactly. Because stab(J) acts on J essentially, it follows
that J coincides with this subcomplex and that our quasi-lines are all unbounded.
Claim 2.2 allows us to define the rank of a hyperplane as the number of factors in its
decomposition as a product of unbounded quasi-lines.
Claim 2.3. Two transverse hyperplanes have the same rank.
Let A,B be two transverse hyperplanes. According to Claim 2.2, we can write A =
A1 × · · · × An and B = B1 × · · · × Bm for some convex and unbounded quasi-lines
A1, . . . , An, B1, . . . , Bm ⊂ X. Up to reindexing our quasi-lines, we suppose that A
crosses B1 and that B crosses A1. Then there exist two points p ∈ A1 and q ∈ B1 such
that
{p} ×A2 × · · · ×An = A ∩B = {q} ×B2 × · · · ×Bm.
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This equality implies that n = m, concluding the proof of our claim.
Claim 2.3 shows that all the hyperplanes of a connected component of the crossing graph
of X have the same rank. It follows from Lemma 2.1 that X decomposes as a union
of convex subcomplexes {Xi | i ∈ I} such that Xi ∩Xj is either empty or a cut vertex
for all distinct i, j ∈ I; and such that, for all i ∈ I, Xi has a connected crossing graph
and all its hyperplanes have the same rank. Consequently, G acts on the tree whose
vertex-set is I and whose edges link i, j ∈ I if Xi ∩Xj is a cut vertex of X. Notice that
edge-stabilisers are finite and that vertex-stabilisers are {stab(Xi) | i ∈ I}. Therefore,
the proof of Theorem 1.1 reduces to the case where X has a connected crossing graph
and all its hyperplanes have the same rank r ≥ 0. We distinguish several cases depending
on the value of r.
Case 1: r = 0. In other words, all the hyperplanes of X are points, i.e. X is a tree.
Because the crossing graph of X is connected by assumption, it must be reduced to a
single vertex and G must be finite.
Case 2: r ≥ 2. Here, we want to prove that G is virtually free abelian. We begin by
proving the following observation:
Claim 2.4. For any two non-transverse hyperplanes A and B, there exists a third
hyperplane J which is transverse to both A and B.
Because the crossing graph of X is connected, we can fix a geodesic J0, . . . , Jn from A
to B in the crossing graph. For every 0 ≤ i ≤ n, we decompose Ji as a product of
quasi-lines J1i × · · · × J
r
i as given by Claim 2.2. Up to reindexing our quasi-lines, we
suppose that Ji crosses J
1
i−1 for every 1 ≤ i ≤ n. Given an index 1 ≤ i ≤ n − 1, the
hyperplanes Ji−1 and Ji+1 cannot be transverse, since otherwise J0, . . . , Jn would not be
a geodesic; so Ji−1 and Ji+1 have to cross the same factor of Ji, namely J
1
i . Therefore,
for every 0 ≤ i ≤ n− 1, there exist two points di ∈ J
1
i and gi+1 ∈ J
1
i+1 such that
{di} × J
2
i × · · · × J
r
i = Ji ∩ Ji+1 = {gi+1} × J
2
i+1 × · · · × J
r
i+1.
Because r ≥ 2, there exists a hyperplane J crossing J20 . Then J crosses
{d0} × J
2
0 × · · · × J
r
0 = J0 ∩ J1 = {g1} × J
2
1 × · · · × J
r
1 ,
and we deduce that it also crosses
{d1} × J
2
1 × · · · × J
r
1 = J1 ∩ J2 = {g2} × J
2
2 × · · · × J
r
2 .
By iterating the argument, we conclude that J crosses Ji for every 0 ≤ i ≤ n. In
particular, J crosses J0 = A and Jn = B, concluding the proof of our claim.
The combination of Claim 2.4 and [CS11, Theorem 6.3] shows that X must decompose
as a product of irreducible subcomplexes X1 × · · · ×Xn, n ≥ 2. The desired conclusion
follows from the following observation, which we record for future use:
Claim 2.5. If X is not irreducible, then G is virtually free abelian.
Notice that X contains hyperplanes isomorphic to X2×· · ·×Xn and X1×· · ·×Xn−1, so
[CS11, Proposition 2.6] implies that X1, . . . ,Xn are quasi-lines. Therefore, our group G
must be quasi-isometric to Zn, and we conclude from [Gro81, Pan83] that G is virtually
free abelian, as desired.
Case 3.1: r = 1 and X is hyperbolic. If G is virtually free there is nothing to prove,
so from now on we assume that G is not virtually free. As a consequence of [BK05], X
contains a quasiconvex subspace Q quasi-isometric a hyperbolic plane. Observe that:
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Claim 2.6. Let J be a hyperplane. Assume that ∂Q lies in the (Gromov) boundary of
a halfspace J+ delimited by J . For any two distinct points at infinity α, β ∈ ∂Q\{∂J},
every bi-infinite geodesic γ between α and β lies in J+.
Assume that our geodesic γ does not lie in J+. Then γ contains an infinite ray ρ1 which
is disjoint from J+. Consequently, J separates ρ1 from a geodesic ray ρ2 converging to
ρ1(+∞) ∈ {α, β} ⊂ ∂J
+. Because the Hausdorff distance between ρ1 and ρ2 must be
finite, J must contain a ray ρ3 converging ρ1(+∞) as well, so α or β necessarily belongs
to ∂J . This concludes the proof of our claim.
Let Y denote the intersection of all the halfspaces containing ∂Q in their boundaries.
As a consequence of Claim 2.6, any geodesic between any two distinct points in
S := ∂Q\{∂J, J hyperplane}
lies in Y , so S ⊂ ∂Y . Because X contains only countably many hyperplanes and that
the boundary of each hyperplane is finite, we know that S has countable cocardinality
in ∂Q, which is a circle; in particular, S is dense in ∂Q. Since ∂Y must be closed in
∂X, it follows that ∂Y contains ∂Q. Conversely, Y lies in the convex hull of Q (which
coincides with the intersection of all the halfspaces containing Q), and we know from
[Hag08, Theorem H] that the Hausdorff distance between Q and its convex hull is finite
because Q is quasiconvex, so ∂Y must lie in ∂Q. Hence ∂Y = ∂Q.
Thus, we have constructed a convex subcomplex Y quasi-isometric to the hyperbolic
plane such that every hyperplane of X either is disjoint from Y or separates ∂Y . If Y
is a proper subcomplex, then there exists a hyperplane in X which is disjoint from Y .
Because the crossing graph of X is connected, this implies that there exists a hyperplane
A disjoint from Y which is transverse to a hyperplane B which crosses Y . On the one
hand, B separates ∂Y so it contains a quasi-line γ ⊂ Y . And on the other hand, A
must be disjoint from γ, so, because B is essential, there must exist points in B which
are arbitrarily far away from γ. This contradicts the fact that B is a quasi-line. Thus,
we have proved that X = Y is quasi-isometric to the hyperbolic plane, and we conclude
that G contains a finite-index subgroup isomorphic to the fundamental group of a closed
surface of genus ≥ 2 [Tuk88, Tuk94, CJ94, Gab92].
Case 3.2: r = 1 and X is not hyperbolic. According to [Gen20, Theorem 3.1], there
exists a combinatorial isometric embedding R2 → X where R2 is endowed with its
canonical square tessellation. Let F denote the image of such an embedding. If the
convex hull of F is a proper subcomplex in X, then there must exist a hyperplane of
X which does not cross F . Because the crossing graph of X is connected, this implies
that there exists a hyperplane A disjoint from F which is transverse to a hyperplane B
which crosses F . On the one hand, B∩F is a quasi-line; and on the other hand, A must
be disjoint from γ, so, because B is essential, there must exist points in B which are
arbitrarily far away from γ. This contradicts the fact that B is a quasi-line. Thus, we
have proved that X is the convex hull of F . As a consequence, the crossing graph of X
is obtained from the crossing graph of R2 (which is an infinite bipartite complete graph)
by adding new edges. It follows from [CS11, Lemma 2.5] that X is not irreducible, and
we conclude from Claim 2.5 that G is virtually free abelian.
By putting together all the cases above, we conclude that our group G decomposes as
a graph of groups such that the edge-groups are finite and the vertex-groups are either
virtually free abelian or virtually surface groups. Notice that G contains a finite-index
subgroup G′ ≤ G which is torsion-free. (For instance, this follows from the fact that G
is residually finite [Ser03, Proposition II.2.12].) Such a subgroup then decomposes as a
graph of groups such that the edge-groups are trivial and the vertex-groups are either
virtually free abelian or virtually surface groups; in other words, G′ is a free product
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of virtually free abelian groups and virtually surface subgroups. Because the factors of
such a free product are separable, we conclude that G′ (and so G) contains a finite-
index subgroup which decomposes as a free product of free abelian groups and surface
groups.
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